Notes in Gas Dynamics

 G. Kapp

1.1  Gas Equation of State.

The ideal gas law is given by:  
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where:

P is the absolute pressure of the gas,

V is the volume of the container holding the gas molecules,

n is the number of moles of gas molecules,

R is the universal gas constant {8.314 J/(mol K) , .08205 (liter atm)/(mol K), etc},

T is the absolute Kelvin temperature.

It must be remembered that the ideal gas law is an EQUILIBRIUM law relating the above quantities.   As such, the statistical quantities pressure and temperature must be well defined in the volume region of concern.

On occasion, it is useful to introduce the gas law using the constants of density and molecular weight (mass).  This is easily done with a few substitutions as follows:
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                                           Eq. 1.1-1

This can be verified by unit analysis of the ratio n/V .  In SI units, 

moles/m3
[image: image3.wmf]=  kg/m3 * moles/kg  = density * 1/mw

1.2  Acoustic Velocity.

The acoustic velocity of an infinitesimally small pressure wave (speed of sound) is given by:
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                                              Eq.1.2-1

We wish to derive an alternative form for the acoustic velocity in a gas.  

Working with the density,
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                       Eq. 1.2-2 

Working with pressure, we assume a adiabatic reversible compression in a gas.  Thus, 
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    Eq. 1.2-2

These two results may now be combined with the ideal gas law to give,
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                                  Eq.1.2-3

1.3  Equation of Continuity.

The equation of continuity, as derived here, is a RATE statement of the law of conservation of mass.
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A2                                              A1
Since the process is mass conservative, M1 = M2.  Also take note that the equation as derived, is based on a reference system at rest.  The velocities are “earth” frame of reference.  Also note that the “system” is the chunk of material, not the tube that the material passes through.


[image: image10.wmf]    

,

A

A

 

of

 

case

 

special

 

for the

*

*

*

*

*

*

*

*

dVol

dm

dt

dm

since

2

1

2

2

2

1

1

1

2

1

2

1

=

=

=

=

=

=

v

A

v

A

v

A

dt

dx

A

dt

dm

dt

dm

M

M

r

r

r



[image: image11.wmf]2

2

1

1

v

v

r

r

=

                                 Eq. 1.3-1

1.4  Dynamic Equation, the flow F=ma.

This equation may be derived in a number of ways.  Here,  we start with Newton’s Law applied to a control volume capable of being influenced by an external force collection, being accelerated, and non mass conservative.  In this sense, we think of mass as being able to flow both into (+) and out of (-) the control volume.  
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                         Eq1.4-1

where,

m 

is the instantaneous  mass of the control volume,

dv/dt 
is the acceleration of the control volume,

dm/dt 
is the rate of mass gain(+) or loss(-) of the control volume,

Vr 
is the velocity of the control volume, measured from the frame of reference of the inflowing mass, using the +/- of the vector coordinate system.

In the case of multiple matter flow streams (n) into and out of the control volume,  it is useful to invent a flow vector component for each flow stream:
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We will now apply the above result to a chunk of material passing through a tube of constant cross section area.   The control volume is the interior of the tube (the material), not the tube.

We will set the constraints as follows: 

M1=M2

A1=A2

dv/dt of control volume is zero.

All velocities are measured in earth frame of reference.

The velocity of the control volume (tube interior) is zero.
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                    Eq. 1.4-3 

(velocity of control volume, measured from flow stream, is to the left, -)

From Continuity,  dm/dt =  A v   and considered positive if into the control volume,
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Substitution gives,
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              Eq. 1.4-4

Using  P=F/A,   F=P A and substitution gives,
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, and with constant area, reduces to
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                              Eq. 1.4-5

1.5   The Flow Work - Energy Equation.

We start with the standard work energy relationship where the MACRO Work done on (+) the system by an external force is equal to the change in MACRO Kinetic energy of the systems center of mass (KEcm), plus the change in MICRO random energy of the particles which constitute the systems mass, also known as Internal energy of the system (U).  

                                Workex =  KEcmU                             Eq.1.5-1

The internal energy will take into account such items as the materials change in temperature.


We wish to apply the above equation to a material which flows through a tube of constant area.

x2x1



The process involves pushing a certain quantity of gas ( with speed and internal energy), into, thru, and out of a tube which is fixed in the earth frame of reference.  We fully admit that the gas is compressible although no viscous effects will be considered.  The process will also be considered as adiabatic.  Heat neither entering, nor leaving the system.  


We start by considering the external work required.  The work is given by,
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The external work in this process is done by a constant force on an area, this pressure pushing a volume of material into the tube.

Therefore, 
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On our system, positive external work (is done by F2,  and negative external work ( is done by F1.

                           Workex =  P2 V2 – P1 V1  = -PV)                   Eq. 1.5-2
Substituting  the above into the Work – Energy equation we get,

                        -PV)=  KEcmU

U + PV)}=  KEcm                             Eq. 1.5-3

Note that the quantity enclosed within the braces is the change in enthalpy, H.  


Next, we switch our attention briefly to address the change in internal energy, U.  We call on the First Law of Thermodynamics which states that the Heat (+Q) added  to the system, minus the work (+W) done by the system on the surroundings, equals the change in internal energy of the system.

 U = Q – W                                      

As can be seen,  with regard to work,  we have a work term in the work – energy equation and also a work term in the first law.  These two equations present a conflict in sign convention.   In order to combine these equations, we will restrict the work term in the first law to expansion of volume of the gas work of the system on its surroundings,  Wegw.  Macro external work in the work – energy equation will remain ‘Workex’ as presented previously.  No shaft work will be considered.  Thus, 

U = Q - Wegw                                 Eq. 1.5-4


We now combine the work – Energy equation with the First Law,                        

Q - Wegw) + PV)}=  KEcm                                Eq. 1.5-5

                           

Our process is adiabatic since no heat will flow through the tube walls, thus Q = 0 so

 0- Wegw) + PV)}=  KEcm
Wegw is the work done by an adiabatic expansion.  It can be shown that this work is given by,
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We substitute for Wegw  to get,
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               Eq.1.5-6

Our system is mass conservative so M1 = M2.  We substitute for cm to obtain,
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We now factor out   ( P1 V1 – P2 V2)  giving
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We now use  V = M /   to replace the volumes on the left side  giving
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                    Eq. 1.5-7

It is important to discuss frame of reference at this point.  Although the total energy of a system is independent of frame of reference, where, and in what form the energy appears, is frame of reference dependent.  For our analysis, KE and thus the velocities are measured in the earth frame of reference.

2.1 Velocity of Large Amplitude Pressure Wave.

Here we attempt to answer the question: Can a pressure wave move faster than the “speed of sound”?  Assume a gas is enclosed in a cylinder fitted with a piston at one end.  The gas is at rest and at a uniform pressure P1.  The piston now advances at a speed v2 down the tube,  the static pressure near the piston is increased to  P2.    The tube is fixed with respect to the earth and not capable of heat flow through its walls.  All velocities are measured from the earth frame of reference.

The pressure in the far end of the tube does not rise to P2 immediately.  The pressure wave must travel down the tube.  Let us assign the variable “a” to the velocity of this pressure wave.


Since the state variables are well defined on each side of the wave front, we employ equations:
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       Eq. 1.5-7

To introduce the pressure wave velocity, we must switch our frame of reference and ride the pressure wave.  This is easily done by noting that in the frame of reference of the pressure wave, the wave’s velocity is zero.  The gas on each side of the pressure wave appears to be moving to the left now as we view it in this frame of reference.  To execute the frame of reference change,  we subtract the speed of the wave, “a”, from all earth frame of reference velocities in each of the three equations above. 

 The results are:
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          Eq. 1.5-7a

Next, we impose the zero earth velocity of the gas on the right side of the piston.  Setting v1= 0, we have:
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                  Eq. 2.1-3

(We should note that the velocity values are still earth frame of reference values)

These equations can be combined to eliminate v2, to give a relationship relating the wave velocity “a”, the acoustic velocity in the still gas “c1”, the pressures of the two regions “P1, P2”, and the ratio of the specific heats “”.

Rearranging Eq. 2.1-1, we get
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This is substituted into both Eq. 2.1-2 and Eq. 2.1-3 to give
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and
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                 Eq. 2.1-5

Collecting 1/on the right, Eq. 2.1-5 can now be put in the form
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                Eq. 2.1-6
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Equation Eq. 2.1-4 may now be substituted into the above  Eq. 2.1-6 and the resulting equation solved for a2.  The necessary algebra is tedious at best.  It is included for that fact.  Substituting, 
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multiply by a212 and expand right side,
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remove a412
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 EMBED Equation.3  [image: image49.wmf]
collect terms with ‘a’ on the left,


[image: image50.wmf])

1

(

2

)

1

(

2

2

)

1

(

2

2

2

)

1

(

2

2

2

2

1

2

2

2

1

2

1

2

1

2

2

1

2

2

1

1

2

1

1

-

-

-

+

+

-

=

-

-

+

-

-

g

g

g

g

r

g

g

r

r

r

g

g

P

P

P

P

P

P

P

a

P

a

P

a

P

a

P


factor out 21a2 
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create common denominator using (-1)/(-1) as necessary,
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remove 1/(-1), and other terms from expanding the left side,
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factor right side, 
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expand left,
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divide by (P2-P1)
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Divide by P1. Multiply left side by ,
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Since c12 =  P1/ ,

   Eq. 2.1-7
[image: image59.wmf]
It can be seen that when the pressure ratio becomes 1 as in a small amplitude sound wave,  a2 = c12, that is  the wave velocity is the acoustic velocity.  When the pressure ratio increases above 1,  the wave velocity will exceed the acoustic velocity.  This can be seen in the figure 2.2 . Equation 2.1-7 is plotted for a mono, di, and poly atomic ideal gas.

The velocity ‘a’ is the shock wave velocity.  There will be a sharp discontinuity of density and pressure across the wave boundary.   The answer to the question “can a pressure wave move faster than the speed of sound? “ is in fact YES.  
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Figure 2.2.  Ratio of the wave velocity ‘a’ to the acoustic velocity ‘c1’ as a function of pressure ratio for mono, di, and poly atomic gases.  The figure shows a limiting velocity ratio of 1 when the pressure ratio is 1.  As the pressure ratio increases, so does the velocity ratio.  Pressure ratios less than one are meaningless here.

Equations 2.1-4 and 2.1-5 can also be combined and solved for the density ratio in terms of the pressure ratio and gamma.  Solving Eq. 2.1-4  for a2, we get,
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Solving Eq. 2.1-5  for a2 by multiplying by 2/P1 and regrouping, we get,
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We now eliminate a2 by substitution to obtain,
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The remaining algebra is again tedious.  It will be outlined as follows.
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on the right side, we factor out 1/ , multiply by –1/-1 , to get,
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density ratio terms are now collected on the right,  
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We now solve for the density ratio,
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and a cosmetic rearrangement of term gives the desired equation:


[image: image70.wmf] 

1

1

1

1

1

1

2

1

2

1

2

÷

÷

ø

ö

ç

ç

è

æ

-

+

+

÷

÷

ø

ö

ç

ç

è

æ

-

+

+

=

g

g

g

g

r

r

P

P

P

P

                                 Eq.2.1-8


[image: image71.wmf]0

1

2

3

4

5

6

7

0

5

10

15

20

25

30

Pressure ratio

mono-atomic

di-atomic

poly-atomic


Figure 2.3  Density ratio 1 as a function of pressure ratio P2/P1 for mono, di, and poly atomic ideal gasses.  At a pressure ratio of 1, the density ratio is also 1.  As the pressure ratio increases, the density ratio increases to a limiting value of:  4 for mono atomic, 6 for diatomic, and 7 for poly atomic gasses.  Pressure ratios less than one have no meaning.

It should be noted that one could be tempted to compute the density ratio using a combination of the density definition and the function for the adiabatic process trajectory alone, ie. PVconst. and  = M/V.  This would lead to a correct result for a stationary gas experiencing an adiabatic compression, but would be INCORRECT for a gas which is also changing kinetic energy.

Some Numerical Calculations.

We start out with the selection of the di-atomic gas Nitrogen:

 N2,  mw=.028 Kg/mole,   = 1.40

The down stream pressure and temperature is P1 = 1 atm = 1.01 x105 n/m2 @ 273 K, while our up stream pressure will be P2 = 2 atm = 2.02 x 105 n/m2 .

First, the down stream gas density is computed using the ideal gas law.
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The acoustic velocity down stream is also computed.
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From Eq 2.1-8, the density ratio is computed.
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The shock wave velocity ratio, squared, is computed using Eq 2.1-7


The shock wave velocity is now computed.
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The density up stream is computed.

Kg/m3
Finally, the velocity up stream, v2, can be computed from equations Eq. 2.1-1, 2.1-2, or 2.1-3.  All are in agreement.
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will yield the same result.
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		7		1.66		2.6483516484		1.4		3.3076923077		1.33		3.5862068966

		8		1.66		2.7632241814		1.4		3.5		1.33		3.8169014085

		9		1.66		2.8604651163		1.4		3.6666666667		1.33		4.0188679245

		10		1.66		2.9438444924		1.4		3.8125		1.33		4.1971580817

		11		1.66		3.0161290323		1.4		3.9411764706		1.33		4.355704698

		12		1.66		3.0793950851		1.4		4.0555555556		1.33		4.4976152623

		13		1.66		3.1352313167		1.4		4.1578947368		1.33		4.6253776435

		14		1.66		3.1848739496		1.4		4.25		1.33		4.7410071942

		15		1.66		3.2292993631		1.4		4.3333333333		1.33		4.8461538462

		16		1.66		3.2692889561		1.4		4.4090909091		1.33		4.9421813403

		17		1.66		3.3054755043		1.4		4.4782608696		1.33		5.0302267003

		18		1.66		3.3383768913		1.4		4.5416666667		1.33		5.1112454655

		19		1.66		3.3684210526		1.4		4.6		1.33		5.1860465116

		20		1.66		3.395964691		1.4		4.6538461538		1.33		5.2553191489

		21		1.66		3.4213075061		1.4		4.7037037037		1.33		5.3196544276

		22		1.66		3.4447031432		1.4		4.75		1.33		5.3795620438

		23		1.66		3.466367713		1.4		4.7931034483		1.33		5.435483871

		24		1.66		3.4864864865		1.4		4.8333333333		1.33		5.487804878

		25		1.66		3.5052192067		1.4		4.8709677419		1.33		5.5368620038

		26		1.66		3.5227043391		1.4		4.90625		1.33		5.5829514207

		27		1.66		3.5390625		1.4		4.9393939394		1.33		5.6263345196

		28		1.66		3.5543992431		1.4		4.9705882353		1.33		5.6672428695

		29		1.66		3.5688073394		1.4		5		1.33		5.7058823529

		30		1.66		3.5823686554		1.4		5.0277777778		1.33		5.7424366312





Sheet2

		





Sheet3

		






_1073369605.unknown

_1073199416.unknown

_1073367140.unknown

_1073367974.unknown

_1073368533.unknown

_1073367914.unknown

_1073366094.unknown

_1073366516.unknown

_1073226955.xls
Chart1

		1		1		1

		2		2		2

		3		3		3

		4		4		4

		5		5		5

		6		6		6

		7		7		7

		8		8		8

		9		9		9

		10		10		10

		11		11		11

		12		12		12

		13		13		13

		14		14		14

		15		15		15

		16		16		16

		17		17		17

		18		18		18

		19		19		19

		20		20		20

		21		21		21

		22		22		22

		23		23		23

		24		24		24

		25		25		25

		26		26		26

		27		27		27

		28		28		28

		29		29		29

		30		30		30



mono-atomic

di-atomic

poly-attomic

P2/P1

a/c1

Velocity ratio as a function of  Pressure ratio

1

1

1

1.342089721

1.3627702877

1.3696495353

1.6131985738

1.6475089421

1.658879049

1.8448887386

1.889822365

1.9046835823

2.0505655993

2.1044171232

2.1222062573

2.2374146009

2.2990681342

2.3194178684

2.4098192703

2.4784787961

2.5011275653

2.5706874051

2.6457513111

2.6705016284

2.7220651267

2.8030595529

2.8297559607

2.8654569223

2.9519969028

2.9805131516

3.0020073605

3.0937725468

3.1240036005

3.132611213

3.229329873

3.2611866469

3.2579837064

3.3594217189

3.3928274633

3.3787072455

3.4846602622

3.5195479887

3.4952635766

3.6055512755

3.641861872

3.6080565806

3.7225183488

3.7601991629

3.7174288303

3.835920452

3.8749242049

3.8236738783

3.9460649477

3.9863488863

3.9270455494

4.0532174169

4.0947426407

4.0277650833

4.1576092031

4.2003401223

4.1260267068

4.2594432903

4.3033471847

4.2220020375

4.3588989435

4.4039455994

4.3158436051

4.4561354173

4.502296824

4.407687698

4.5512949492

4.5985450461

4.4976566857

4.644505202

4.6928196632

4.5858609314

4.7358812726

4.7852373233

4.6724003789

4.8255273583

4.8759036178

4.7573658805

4.9135381491

4.9649144947

4.8408403134

5

5.0523574487

4.9228995276

5.084991923

5.1383125284



Sheet1

				p2/p1				Gamma						a2/c2

						p		d		m		p		d		m

				1		1.33		1.4		1.66		1		1		1

				2		1.33		1.4		1.66		1.3696495353		1.3627702877		1.342089721

				3		1.33		1.4		1.66		1.658879049		1.6475089421		1.6131985738

				4		1.33		1.4		1.66		1.9046835823		1.889822365		1.8448887386

				5		1.33		1.4		1.66		2.1222062573		2.1044171232		2.0505655993

				6		1.33		1.4		1.66		2.3194178684		2.2990681342		2.2374146009

				7		1.33		1.4		1.66		2.5011275653		2.4784787961		2.4098192703

				8		1.33		1.4		1.66		2.6705016284		2.6457513111		2.5706874051

				9		1.33		1.4		1.66		2.8297559607		2.8030595529		2.7220651267

				10		1.33		1.4		1.66		2.9805131516		2.9519969028		2.8654569223

				11		1.33		1.4		1.66		3.1240036005		3.0937725468		3.0020073605

				12		1.33		1.4		1.66		3.2611866469		3.229329873		3.132611213

				13		1.33		1.4		1.66		3.3928274633		3.3594217189		3.2579837064

				14		1.33		1.4		1.66		3.5195479887		3.4846602622		3.3787072455

				15		1.33		1.4		1.66		3.641861872		3.6055512755		3.4952635766

				16		1.33		1.4		1.66		3.7601991629		3.7225183488		3.6080565806

				17		1.33		1.4		1.66		3.8749242049		3.835920452		3.7174288303

				18		1.33		1.4		1.66		3.9863488863		3.9460649477		3.8236738783

				19		1.33		1.4		1.66		4.0947426407		4.0532174169		3.9270455494

				20		1.33		1.4		1.66		4.2003401223		4.1576092031		4.0277650833

				21		1.33		1.4		1.66		4.3033471847		4.2594432903		4.1260267068

				22		1.33		1.4		1.66		4.4039455994		4.3588989435		4.2220020375

				23		1.33		1.4		1.66		4.502296824		4.4561354173		4.3158436051

				24		1.33		1.4		1.66		4.5985450461		4.5512949492		4.407687698

				25		1.33		1.4		1.66		4.6928196632		4.644505202		4.4976566857

				26		1.33		1.4		1.66		4.7852373233		4.7358812726		4.5858609314

				27		1.33		1.4		1.66		4.8759036178		4.8255273583		4.6724003789

				28		1.33		1.4		1.66		4.9649144947		4.9135381491		4.7573658805

				29		1.33		1.4		1.66		5.0523574487		5		4.8408403134

				30		1.33		1.4		1.66		5.1383125284		5.084991923		4.9228995276
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